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Abstract
A new constitutive plasticity model for prismatic slip in hexagonal a-titanium is developed. In the concept pure edge and screw dislocation densities evolve on the f1 0 1 0gh1 2 1 0i slip systems. The model considers that the screw dislocation segments have a spread out
core, leading to a much higher velocity of edge compared with screw dislocations. This enables the model to describe the observed transition in strain hardening from stage I to stage II in single crystals oriented for prismatic slip. Good agreement is found between the
experimentally observed and simulated stress–strain behavior.
Ó 2011 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
Prismatic slip (slip on the f1 0 
1 0g planes in the h1 2 1 0i
direction) is one of the dominant modes of plastic deformation in a-titanium [1–3]. Experimental investigations on the
prismatic slip behavior of a-titanium single crystals [4] show
a resemblance to single slip modes in fcc single crystals, particularly in terms of the transition between the stage I and
stage II strain hardening modes [5]. In a-titanium oriented
for prismatic slip this behavior is due to diﬀerent velocities
of the edge and screw dislocation segments.
In the 1970s–1980s many researchers explored the mechanisms that may give rise to the diﬀerent behavior of edge
and screw dislocations and hence to the underlying strain
hardening mechanism in a-titanium. Conrad [6] and
Tanaka and Conrad [7] attributed this glide behavior to
interactions of dislocations with interstitials. p
These authors
correlated the Peierls stress sP linearly with c, where c is
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the impurity concentration. Naka et al. [8] suggested that
the strain hardening in prismatic slip mode is due to modiﬁcation of the dislocation core structure by interstitial
impurities, e.g. O and N. They showed that the stage I to
stage II transition in prismatic glide can be attributed to
the spread out core of screw dislocations. Interaction
between dislocations and interstitial impurities as a
deformation controlling mechanism in prismatic glide in
a-titanium had been observed before [9–11]. More speciﬁcally, it was suggested by these works that the screw dislocation velocity in particular is aﬀected by the impurity
content of the material [9–11]. Screw dislocations that pertain to the prismatic slip families have a spread out core on
pyramidal hai slip systems leading to a very low velocity of
screw dislocations compared with edge dislocations. The
presence of a signiﬁcant amount of lattice friction on screw
dislocations is also conﬁrmed by the core spread observed
in atomistic simulations by Legrand [12] and Bacon and
Vitek [13]. Sastry and Vasu [14], based on their determination of the activation enthalpy for a thermally activated
mechanism, suggested that low temperature deformation
in titanium could be governed by nucleation of kink pairs
to overcome the Peierls energy barrier. A kink pair
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mechanism was proposed by Seeger and Schiller to model
such eﬀects of the screw dislocation velocity [15].
The yield stress for prismatic slip in pure a-titanium
shows a strong temperature dependence in the lower temperature regime, namely between 75 and 400 K [4,7,8,16,17].
The microstructure of deformed crystals in this regime is
characterized by long and straight segments of screw dislocations [8,18–20]. Naka and Lasalmonie [21] diﬀerentiated
between two regimes in the micromechanical behavior under
prismatic glide conditions. They deﬁned domain 1 as a
regime in which the ﬂow stress is thermally activated but
no edge dipoles are created, and domain 2 as a thermally
activated regime (at around 300 K) where edge dipoles are
formed which cause cross-slip of screw dislocations between
prismatic planes and ﬁrst order pyramidal planes. However,
the temperature bounds of these activation regimes are not
rigidly deﬁned. This is due to the fact that in many alloys that
were mechanically characterized in the literature the impurity concentration was not well deﬁned or known. This
point, particularly the diﬀerent activation regimes, is discussed in the work of Tanaka and Conrad [9]. Naka and
Lasalmonie [21] distinguished the mechanisms at 77 and
374 K, but at 300 K the behavior was still ambiguous. At
77 K there is no sign of cross-slip and, as observed by electron microscopy, all dislocations remain on the primary
glide plane. In crystals oriented for deformation on prismatic slip systems cross-slip activity is reported to occur in
stage III [4], where the true strain has reached a value of
0.65. At 374 K the microstructure shows wavy slip lines
and electron microscopy conﬁrms the occurrence of crossslip activity [21]. Using slip trace analysis, the above authors
also found the cross-slip plane to be a ﬁrst order pyramidal
plane and one of the easiest to activate secondary slip planes.
Cross-slip activity is reported in Naka and Lasalmonie [22]
to occur frequently at temperatures above 300 K. In the
present work we thus consider the temperature range up to
300 K to be a non-cross slip regime.
Polycrystal plasticity ﬁnite element models in conjunction with phenomenological viscoplastic constitutive laws,
e.g. Salem et al. [23] and Balasubramanian and Anand
[24], have been used to simulate a-titanium deformation
textures. However, in order to better understand slip activity in titanium under complex boundary conditions on a
sound mechanisms-oriented basis under consideration of
individual dislocation properties and interactions a single
crystal-based model is needed. In this work we propose
such a model and claim that it not only reproduces the
experimentally observed plastic deformation behavior of
single crystals, speciﬁcally the stage I to stage II strain
hardening transition, but also helps to understand the origin of this transition in terms of the diﬀerences between
screw and edge dislocation segments. The explicit activation of twinning is not covered in the current model formulation, as we concentrate on explaining the stage I and II
strain hardening regimes in terms of the underlying dislocation mechanisms. Twinning can be activated, although in
the current model when also choosing an adequate

orientation factor. It is, however, not relevant in understanding the subtleties associated with the stage I to stage
II strain hardening transition.
2. Constitutive model
In this section we present a model for prismatic slip
activity in a-titanium. Slip activity is modeled using a set
of dislocation density-based rate equations and diﬀerent
constitutive laws that are used to describe the velocities
of edge and screw dislocations.
2.1. Parameterization of the microstructure
The total dislocation density evolution is a net eﬀect of
dislocation density multiplication and annihilation. The
total dislocation density is given by the total edge and
screw type dislocation densities.
qa ¼ qae þ qas

ð1Þ

where a represents a prismatic slip system, and e and s represent the edge and screw dislocation densities, respectively.
2.2. Deformation kinetics
The kinematics of shear rate on each slip system is given
in terms of a generalized Orowan form. The total plastic
shear strain rate is given by:
ca ¼ ba ðqae mae þ qas vas Þsignðsa Þ
mae

ð2Þ

mas

where
and
represent the edge and screw dislocation
velocities, respectively. Edge dislocation segments whose
velocities are not aﬀected by interstitials and impurities
are pinned at the forest dislocation segments. The screw
dislocation segments are assumed to move via formation
of kink pairs. The phenomenological constitutive equations
of velocities are explained in the following section.
2.3. Edge dislocation velocity
For both edge and screw dislocations Arrhenius type
equations for the velocity are used. The average velocity
for edge dislocations is given by:



pe qe 
F0
jsa j
a
ve ¼ v0;e exp 
1
ð3Þ
s0;e þ S a
kBT
where m0;e is a reference velocity, F0 is the free energy of the
activation of motion, kB is Boltzmann’s constant, s0,e is the
lattice friction stress acting on edge dislocations, and T is
the absolute temperature. pe and qe are material coeﬃcients
such that 0 6 pe 6 1 and 1 6 qe 6 2.
2.4. Screw dislocation velocity
The velocity of a screw dislocation segment is governed
by thermally activated nucleation of kink pairs. It is given
by [25–28]:
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vas ¼ ba



 a ps qs 
la v D
F kink;0
js j
1
exp 
sP
l0 l0
kBT

ð4Þ

where mas is the velocity of a straight screw dislocation segment la, l0 is the critical length for kink pair nucleation, mD
is the Debye frequency, sP is the Peierls stress, and ba is the
magnitude of the Burgers vector. The term mDb/l0 describes
the attempt frequency for kink pair formation and the term
lab/l0 describes the number of competing sites for kink pair
formation on the segment la [28,29]. Using this phenomenological description of the velocity of screw dislocations
Monnet et al. [30] have successfully predicted the low hardening regime in pure Zr single crystals oriented for slip on
prismatic planes alone. Dislocation dynamics simulations
show similarities between the conﬁguration of dislocations
in the deformed microstructure and those observed by electron microscopy [8,18,19]. As mentioned in Section 1, the
eﬀect of the impurity content results in a spread of the
screw dislocation core, therefore, no explicit treatment is
given of the speciﬁc role of the impurity content in the present work. The eﬀect of the impurity content in our model is
incorporated via the lattice friction stress s0,e acting on
edge dislocations and the Peierls stress sP acting on moving
screw dislocations and the initial kink nucleation length l0.
For simplicity the velocity of the edge dislocation could in
principle be described in the model as a multiple of the
velocity of the screw dislocation (e.g. 1000 times) (see, for
example, Monnet et al. [30]). Instead, we use explicit constitutive equations for the velocities of the edge and screw dislocations, so that the eﬀect of forest hardening by edge
dislocations is inherently included.
2.5. Forest hardening
The slip resistance Sa on slip system a is given by a modiﬁed Taylor type equation [31], as shown below. The equations used here are similar to those suggested by Arsenlis
and Parks [32], except for the fact that we consider the
hardening coeﬃcients to depend on the interacting slip systems alone, and not on the type of dislocations that are
aﬀected.
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
X
S a ¼ lba
gab ðqbe na  tb þ qbs na  tb Þ
ð5Þ
b
where l is the shear modulus, gab is the latent hardening
coeﬃcient for slip systems a and b, and qb is the forest dislocation density. The coeﬃcients in this interaction matrix
are chosen so that the hardening behavior generally reﬂects
the salient features of the stress–strain response reported in
the literature. The self-interaction coeﬃcient is assumed to
be lower than the latent hardening coeﬃcient. Because of
the negligible mobility of screw dislocations, they do not
form a substantial fraction of stable junctions. On the other
hand, edge dislocations, due to their high velocities, create
stable junctions much more frequently. This has also been
observed in dislocations dynamics simulations for Zr [30].
Eqs. (3) and (4) introduced above reﬂect these observa-
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tions, namely that only edge dislocations interact with forest dislocations.
2.6. Average segment length
The average segment length of dislocations la on slip system a is given by [32,33]:
k
ﬃ
la ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P b a b
b a
b
ðq
n

t
þ
q
n

t
Þ
e
s
e
s
b

ð6Þ

where qbe and qbs are the edge and screw type dislocation
densities, respectively, on a forest slip system b. na is the
glide plane normal and tbe and tbs are the tangent directions
of edge and screw dislocations on the forest slip system. k is
a proportionality coeﬃcient to correlate the average dislocation segment length with the mean free path of dislocations. For simplicity we assume this coeﬃcient to be
identical for edge and screw dislocations.
2.7. Dislocation multiplication and annihilation
The rates for multiplication and annihilation of edge
and screw dislocations are adopted from the work of
Arsenlis and Parks [32]: We describe the edge and screw
dislocation densities through the expansion of dislocation
loops. This means that the edge dislocation density
increases due to moving screw dislocations and the screw
dislocation density increases due to moving edge
dislocations.
qae;gen ¼ ðqas vas Þ=la ;

qas;gen ¼ ðqae vae Þ=la

ð7Þ

Two dislocations of opposite sign annihilate each other
when they come within a critical distance. The annihilation
rates are given by:
1 2
q_ ae;ann ¼  qae Rae vae ;
2

1 2
q_ as;ann ¼  qas Ras vas
2

ð8Þ

Rae and Ras are the critical distances for edge and screw type dislocations. These values quantify how far the respective dislocation segments travel through a ﬁeld of randomly distributed
dislocations of opposite sign before undergoing annihilation.
In the next section we present a discussion of the simulation results obtained for the deformation of a-titanium
single crystals. Materials properties and model parameters
are shown in Table 1.
3. Simulation results and discussion
The three prismatic slip systems are ð
1 0 1 0Þ
½1 2 1 0; ð1 1 0 0Þ½1 1 2 0 and ð0 1 1 0Þ½2 1 1 0. To simulate the stress–strain behavior of single crystals we use only
one ﬁnite element of brick type consisting of eight integration points. Periodic boundary conditions (PBC) are used
along the x, y, and z directions. The z direction is identical
to the tensile direction TD. The total uniaxial true strain
for all simulations is 0.5. Fig. 1 shows the predicted
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Table 1
Material constants and parameters for a-titanium in the current
simulations.
Elastic constants [34]

C11
C33
C44
C12
C13

162.2 GPa
180.5 GPa
46.7 GPa
91.8 GPa
68.8 GPa

Edge dislocation velocity

pe
qe
m0;e
F0
kB
s0,e
Rae

0.61
1.31
100.0 m s1
2.5 e19 J atom1
1.38 e23 J K1
30 MPa
9.6 e9 m

Screw dislocation velocity

qs
qs
Fkink,0 [14]
sP [14]
l0
Ras

0.757
1.075
1.77 e19 J atom1
323 MPa
10 e9 m
86.6 e9 m

Slip system interaction

Self-hardening
Latent hardening

0.10
0.12

Mean free path coeﬃcient

k

20.0

m0;e , the pre-exponential factor in the equation for velocity of edge dislocation; pe and qe, exponential coeﬃcients in the equation for edge dislocation; ps and qs, exponential coeﬃcients in the equation for edge
dislocation; F0, the activation energy for edge dislocation motion; Fkink,0,
the activation energy for the motion of screw dislocations via kink pair
formation; kB; the Boltzmann constant; s0,e, the lattice friction acting on
the motion of edge dislocations; sP; the Peierls stress on screw dislocations;
l0, the critical kink nucleation length; Ras and Ras , the critical radii of
interactions for edge and screw dislocations, respectively.

stress–strain evolutions for diﬀerent single crystals whose
tensile axes are oriented for preferable deformation on
prismatic slip planes. The initial orientations of the crystals
are shown in Table 2. Fig. 1 also shows the experimental
observations of Akhtar and Teghtsoonian [4] for a crystal
whose tensile axis is oriented along the direction
½5 13 18 
7kTD. The second experimental observation is
taken from Naka et al. [8] for a crystal which has its tensile
axis oriented along ½1 3 
4 0kTD. Besides these stress–strain
data not many other experiments have been published for
a-titanium single crystals, particularly not as a function of
crystal orientation, such as is required for direct comparison in this study. Also, the published single crystal experimental results reveal a strong dependence of the
mechanical behavior on the impurity content, which
makes it diﬃcult to use them as a reference for the model.
The model shows good agreement with the experimentally determined stress–strain results of Akhtar and Teghtsoonian [4]. However, when using the same material
parameters as for this single crystal (with tensile axis orientation ½5 13 18 
7kTD [4]) for prediction of the stress–strain
response of a sample with tensile axis ½1 3 
4 0kTD the
model does not match the experimental data well. We attribute this deviation to the oxygen content: the impurity content of a-titanium observed by these researchers in their

Fig. 1. Simulated stress–strain response in uniaxial tensile deformation in
diﬀerent prismatic orientations (cf. Table 1). Full symbols, simulation;
open symbols, experiments.

Table 2
Crystallographic orientations for diﬀerent single crystals used in the
simulations.
Crystal

u1 (°)

U (°)

u2 (°)

½5 13 18 7kTD
½1 3 4 0kTD
½9 14 24 16kTD
½2 7 9 7kTD
½6 9 15 5kTD

20.5
164.6
156.9
168.1
157.3

101.6
90.0
113.3
115.7
101.3

17.0
15.3
23.0
11.8
22.6

TD, tensile direction.

material was O = 120 p.p.m. for the experiment with the
½5 13 18 7kTD axis and O = 3270 p.p.m. for that with
the ½1 3 4 0kTD axis, respectively, where O represents the
oxygen equivalent [8] of the total impurity content. As
mentioned above, the impurity content is known to profoundly aﬀect the stress–strain behavior in prismatic slip
mode. Therefore, we conclude that the model is incapable
of consistently predicting the stress–strain behavior of the
two diﬀerent crystals having O = 3270 p.p.m. in one case
and O = 120 p.p.m. in the other case, using identical material parameters. For this purpose a composition-dependent
model reﬁnement would be required.
The stage I to stage II transition, which is a typical feature of the uniaxial stress–strain response of a-titanium single crystals oriented for deformation on prismatic slip
systems, is well reproduced in all uniaxial deformation simulations. The strain at which the stage I to stage II transition occurs varies from a uniaxial strain of 0.05–0.12,
depending on the crystallographic orientation of the crystal. In order to determine in more detail that the transition
to stage II is indeed caused by the diﬀerent edge and screw
dislocation mobilities and not by the crystallographically
originated activation of a secondary slip system (Schmid
factor eﬀect) the rotations of the tensile axis were tracked
for all simulations. Fig. 2 shows the updated tensile axis
orientation in the crystal reference frame with increasing
uniaxial tensile deformation. The initial crystallographic
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Fig. 3. Evolution of the edge and screw dislocation density as a function
of uniaxial strain for orientation ½5 13 18 7kTD as predicted by the model.
qix represents the dislocation density of x type dislocations on slip system i.
i represents slip systems 1, 2 and 3, i.e. ð1 0 1 0Þ½1 2 1 0; ð1 1 0 0Þ½1 1 2 0
and ð0 1 1 0Þ½2 1 1 0.

Fig. 2. Reorientation of the tensile axis in the crystal frame for prismatic
oriented crystals. Initial orientations of the crystals are represented by the
center of the dotted circles. The strain step between each tensile axis
update is 0.05. TD, the tensile axis.

orientations of the crystals are represented by the centers of
the dotted circles. For the following more detailed discussion we chose the case with the crystallographic orientation
½5 13 18 
7kTD.
Fig. 3 reveals that the characteristic stress–strain behavior in prismatic glide is due to the diﬀerent evolution and
activation of edge and screw dislocations. Up to a strain
of 0.05 the crystal hardens via a single slip mode
(ð1 0 1 0Þ½
12
1 0 slip system) and no latent hardening
activity is noticed. At a strain of 0.05 a secondary prismatic slip system (ð1 
1 0 0Þ½
1
1 2 0 slip system) is activated
and the screw dislocation density on this system increases
rapidly. This eﬀect is seen clearly in the evolution of the
stress–strain response in terms of the transition from stage
I to stage II. At the beginning of deformation edge dislocations start moving, i.e. the screw dislocation density starts
increasing rapidly on the slip system ð
1 0 1 0Þ½
12
1 0. Since
these screw dislocation segments are created but do not
move, there is no increase in the edge dislocation density
as these dislocations move but do not multiply at this stage.
Moreover, the rapid movement of edge dislocations causes

a high rate of annihilation of these dislocations, which can
be observed in Fig. 3 for the slip system ð1 0 1 0Þ½
12
1 0.
Stage II starts with the evolution of screw dislocations on
the slip system ð1 1 0 0Þ½1 1 2 0. The multiplication of edge
dislocations caused through the movement of screw dislocations on the primary slip system (ð1 0 1 0Þ½1 2 
1 0) starts
at strains of 0.12. The delay in the activation of edge and
screw dislocations and, therefore, also in the transition
from stage I to stage II in a-titanium as predicted by our
model is consistent with the hypothesis of Naka et al. [8].
He suggested that the onset of stage I is governed by activation of edge dislocation motion on the primary slip system. Similarly, the onset of stage II is dominated by the
activation of edge dislocation motion on the secondary slip
system. It occurs due to the diﬀerence in lattice friction
experienced by edge and screw dislocations [8].
As mentioned above in Section 1, the observation of long
screw dislocation segments in a-titanium in the case of prismatic slip has been pointed out by many researchers in the
past [8,21]. Similar observations have been reported for magnesium at 300 K, e.g. by Caillard and Couret [35]. A corresponding schematic image showing the expansion of a
dislocation loop via kink pair formation is shown in Fig. 4.
It is worth noting that the extent of anisotropy in the dislocation loops decreases with the onset of screw dislocation
movement and, therefore, more interaction with forest dislocations occurs. The fact that in prismatic slip situations the
stress–strain evolution is governed by screw dislocations is
also supported by Figs. 5 and 6. The edge dislocation contribution to the total shear on any slip system is much higher at
the beginning of deformation and the screw dislocations
start contributing increasingly only at 0.05 true strain.
Edge and screw dislocation velocities increase with increasing strain on the non-primary slip systems (i.e. slip systems
ð1 1 0 0Þ½1 1 2 0 and ð0 1 1 0Þ½2 1 1 0), while on the primary slip system ð1 0 1 0Þ½1 2 1 0 the dislocation velocities
decrease with increasing strain. The latter observation may
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Fig. 4. Schmatic of the expansion of a dislocation loop due to diﬀerent
velocities of edge and screw dislocation. qix ; mix ; lix represent the dislocation density, velocity, and segment length, respectively, for x type
dislocations where x is edge or screw. i represents slip systems 1, 2 and
3, i.e. ð
1 0 1 0Þ½
12
1 0; ð1 
1 0 0Þ½1 1 2 0 and ð0 1 1 0Þ½2 1 1 0.

Fig. 5. Evolution of shear rate and uniaxial stress due to edge and screw
type dislocations for orientation ½5 13 18 7kTD. c_ ix is the shear rate due to
x type dislocations. i represents slip systems 1, 2 and 3, i.e.
ð
1 0 1 0Þ½
12
1 0; ð1 
1 0 0Þ½
1 1 2 0 and ð0 1 1 0Þ½2 1 1 0.

be attributed to the fact that with higher shear activity on
the primary slip system the dislocations undergo more
interactions with forest dislocations. This leads to a
decrease in the average dislocation velocity with increasing
deformation. The model is able to reproduce these characteristic diﬀerences in the edge and screw segment velocities
(cf. Fig. 6), which is essential to understand the stage I to
stage II transition in a-titanium.

Fig. 6. Evolution of dislocation velocity as a function of uniaxial strain
for crystals with the tensile axis along ½5 13 18 7kTD. mix are dislocation
velocities for x type dislocations where x = edge or screw. i represents slip
systems 1, 2 and 3, i.e. ð1 0 1 0Þ½1 2 1 0; ð1 1 0 0Þ½1 1 2 0 and ð0 1 1 0Þ
½2 1 1 0.

of strain hardening from stage I to stage II is correctly predicted by the model. The transition is explained in terms of
glide of dislocations via kink pair formation. It is shown
that lattice friction on the screw dislocations due to
spread-out cores plays a crucial role in the deformation
of a-titanium oriented in prismatic slip mode. This dislocation density-based framework for modeling prismatic slip
activity can be extended to other modes of slip activity in
hexagonal crystal lattices. Such an extended model would
enable the interaction between diﬀerent modes of slip, i.e.
prismatic, basal, pyramidal hai and pyramidal hc þ ai,
and would help to understand the phenomena associated
with the spread-out cores in screw dislocations on other
slip families in hexagonal crystals. Twinning could be
incorporated via an adequate critical nucleation shear
stress. This is important for full extension of the model
since deformation on certain slip families, e.g. the basal slip
family, is always accompanied by twinning [36]. A physically based single crystal plasticity model such as presented
here would be ideal for the incorporation of dislocation
density-based nucleation of twin, slip–twin interaction
and slip assisted twinning activity in hcp metals [37–41].
The model presented here is the ﬁrst approach to a crystal plasticity ﬁnite element model for hcp crystals which is
based on dislocation densities and the mechanical behavior
of individual single crystals. We do not include an explicit
model for the eﬀect of impurities. They can be incorporated
by ﬁtting the lattice friction stress that acts on the edge and
screw dislocations.

4. Conclusions
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