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Objectives of Fracture Mechanics
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• What is the relationship between material strength and 
crack size?



Brittle vs Ductile Fracture
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• Brittle fracture: No apparent plastic deformation before 
fracture, unstable crack propagation

• Ductile fracture: Extensive plastic deformation before 
fracture, stable crack propagation



Historical Developments: Inglis, 1913
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Historical Developments: Griffith, 1921
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• Experiments on fracture strength of glass 
fibers

• Fracture strength increases as fiber diameter 
decreases



Historical Developments: Griffith, 1921

8Max-Planck-Institut	für	Eisenforschung	GmbH.

• Glass fibers with artificial cracks reveal a 
scaling of fracture strength with crack size 

σ c a = const



Griffith’s Energy Balance
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• All energetic changes are caused by changes 
in crack size:

• For brittle materials and slow processes:
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Griffith’s Energy Balance
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• Using Inglis’s solution for an elliptical crack:

• From energy balance:
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Energy Balance for Ductile Materials
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• Irwin, Orowan (1948):

• Typically in metals, 

• Not a material constant

σ c =
2E γ s +γ p( )

πa

γ s : Plastic work per unit surface area created

γ p ≈1000γ s



Energy Release Rate: Irwin (1956)
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• Energy release rate failure criterion, 

G : Energy released during fracture 
     per created crack surface area

G = −
∂Π
∂a

G ≥Gc = 2 γ s +γ p( )



Energy Release Rate Measurement

13Max-Planck-Institut	für	Eisenforschung	GmbH.



Energy Release Rate Measurement
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Crack Growth Resistance Curve
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• Energy balance with plasticity:

• R increases with growing crack size in plastic 
materials 

• Not a material constant
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R-Curves: Brittle
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∂G
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≤
∂R
∂a

→Stable crack growth

• Flat R-Curve: Brittle materials 



R-Curves: Ductile
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• Rising R-Curve: Ductile materials 



Crack Modes
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Crack Tip Stress Field: Mode I
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• Westergaard (1937)
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Crack Tip Stress Field: Mode II
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K-G relationship
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• Work to required to open a 
crack, G, is the same as the 
work required to close a crack

ΔW = σ yyuy dx0

Δa
∫

uy =
κ +1( )KI a+Δa( )

2µ
Δa− x
2π

σ yy =
KI a( )
2π x



K-G relationship
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Varational Brittle Fracture: Francfort, Bourdin
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• Formulate Griffith’s energy balance as a minimum energy 
principle 

• Couple with mechanics

∂Π
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+
∂UΓ

∂a
= 0→min

a
Π+UΓ( )
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∫ dΩ+ 2γ s da
a
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Phase Field Regularization
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• Minimization over all possible crack surfaces is 
numerically challenging

• Phase Field approximation of the surface integral

• Starionary condition:

min
u,ϕ

ϕ 2Π u( )
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∫ dΩ
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Examples
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• PolyCrystalline fracture mechanics



Examples
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• Evolving crack patterns



Examples
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• Elastic energy release and crack tip stress



Summary
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